Focusing resonance cones

B. Levine, G. J. Greene, and R. W. Gould

California Institute of Technology, Pasadena, California 91125
(Received 7 November 1977)

The potential for an oscillating ring source immersed in cold, magnetized, collisionless plasma in the
resonance cone regime (K /K, < 0) is evaluated exactly and asymptotically, giving insight into the gross
spatial behavior of the focusing resonance cones. The nature of the singularity in potential is clarified by
the introduction of a noninfinitesimal collision frequency. Thermal effects are considered numerically,

revealing an interesting interference structure in potential as well as a density depression near the focus of

the cone due to the ponderomotive force.

l. INTRODUCTION

Resonance cones? emanating from ring sources
have recently been studied in experiments with the ob-
jectives of focusing in order to observe ponderomotive
force effects”* and exciting a single axial wavenumber
by means of a phased array of these sources.® In this
paper an exact expression for the potential of an os-
cillating ring charge in a highly-magnetized, cold, col-
lisionless plasma in the resonance cone regime (K,/K,
<0) is derived. The character of the singularity in the
potential is clarified by introduction of a noninfinitesi-
mal collision frequency; likewise, the focusing nature
of the cones becomes apparent. First-order warm
plasma effects are considered in numerical evaluation
of the electric potential which displays lhe thermal in-
terference structure. Lastly, an approximation to the
ponderomotive force-induced density modification for
weak fields is evaluated. Ion terms and sheath effects
around the probe are neglected, and the plasma is as-
sumed to be spatially uniform.

Il. THE POTENTIAL
A. Collisionless theory

The volume charge density
Pext(T, 1) =(S/2mp)6(p = py)6(z)e*4* 0
J

describes an oscillating ring charge of radius p, cen-
tered in the z =0 plane (Fig. 1) having total charge mag-
nitude S and oscillation frequency w. The Fourier
transform with respect to the spatial variables being
taken, Eq. (1) yields ,

ﬁext(k, t) =Se-mtJo(k1 po)- (2)

Since the quasi-static approximation E=-V¢ is appro-
priate for determination of the near-field solution,
there results

Pext=VD=V: K- E==§V.K-V¢ , (3)

where K, the plasma dielectric tensor, has components
K, =K,=K, 6 K,=-K,=K;, K,=K,, =0, and K,, =K,.
Fourier transforming Eq. (3) with respect to the spatial
variables and utilizing Eq. (2) yields

blk, 1) =(S/€p) e Iy (k1py) /(3K + K2K,)] . (4)

It is readily verified (Ref. 6, p. 679) that evaluation of
the inverse Fourier transform of Eg. (4) gives

Iolok, (K,/K,)'2]K, [pok'.,(‘K,,/Kl N2, p<po

(5)

gular for arguments ¢ =+1, hence the surfacesonwhich
the potential is singular are

Se-iwt w0
¢(r, t) =§;T-2?——' f N dk" COSk"Z
07 Thy=0 ID[pOkII(KII/KL)I{z]Ko[pkH(Kll/KJ.)l/z] s P>Dp
I
provided
Re(K,/K,)V?>0, (6)

The inequality given by Eq. (6) holds upon inclusion of

a small, nonzero collision frequency v into the cold,
magnetized plasma dielectric tensor expression. The
integral in Eq. (5) is expressible in terms of a Le-
gendre function of the second kind (Ref. 6, p,732), a so-
called conical function, to wit

Seiwt z° +(p2 +p§)Kn/K1
477260(0001{;&)1/2 Q-v2 [ ZPPOKH/KJ. ],

o(r, 1) =
(M
again, provided Eq. (6) holds and z #0, Q_y,,(¢) is sin-
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4 =i(p "Po)(-Kn/KJ.)Ua, zZ :i(D +Po)(-*Ku/KJ.)1/z . (8)

These are two cones of half-angle arccot(—K,/K,)?
which intersect on the source ring and whose vertices
are given by z, =+py(-K,/K,)?. There are no singu-
larities for the case K,/K,>0.

The nature of the singularity for argQ.,,, =1 (the dis-
cussion for arg@,,, = -1 is similar) can be made mani-
fest by consideration of the identity’

w+l
pu=1

Q,,(/.L)=%(log >F[—n,n+1; 1; (1 -pu)/2]

© 1978 American | nstitute of Physics 1116



FIG. 1. Geometry of the problem. R denotes the ring source in
the z =0 plane, centered on p=0. I and O denote the inner and
outer cones of cold plasma theory, d; and d, are the distances
from an arbitrary point P to the inner and outer cones, and d
is the distance from a vertex to the outer cone. The static
magnetic field is along the z axis, and the vertex of the inner
cone is at z,.

LSl [(u-1)/2]?
Ltn —p)!  (p!F

where # is an arbitrary real number, (z)=d/dz
xlogI'(z +1), and it is implicit that log(1 + /1 = ) is
taken for 1<1. Forn=-=1/2 and p=1+¢, € <1, there
results

[9(p) =p(n)], (9)

1 2
Q172(1 +€)~ §log T ase~ 0, (10)

where

€= (p - pO)Z(KII/KL) +22
ZPPO(KII/K.L)

If one defines d;, d,, and d as the respective distances
from (p, z) to the inner cone [for |z =< po(=K,/K.)?],
from (p, z) to the outer cone, and from either vertex to
the outer cone, then

_1Z+ (p - Do)(—Kn/K.L)UZ

(11)

d _2py( =K, /K )2

o™ (1 "'Kn/KL)Uz ’ Q _KlI;KJ.) ’
(12)
and thus
2 (P/Po)

e “@/DATD - (13)

Hence, d;~0 or d,~ 0 implies €~ 0, unless d;/p or d,/p
is kept constant as the limit is taken; that is, the ver-
tices themselves are not in the domain of validity of Eq.
(10). Allowing, with no loss of generality, d; ~ 0, the
asymptotic expression for the potential on the inner
cone becomes

S e-iwt

r,t ~ A2 (I /2
d)( ) 4n°¢q po(K, K,) 2

<[loglp/py)/? —log(d, /)
(p/pe)"®

where r=(p,2) and 0< [z [< (=K, /K, 2.

g
] asd;~0, (14)
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B. Collisional effects

The log(d, /d)"/? term speciously dominates expres-
sion (14), since d; may be made arbitrarily small,
whereas p is constrained to be positive by exclusion of
the vertices irom the domain of validity, However, in=-
clusion of a small, nonzero collision frequency v makes
it impossible for the expression for d; given by Eq. (12)
to vanish, making it mandatory to retain the log(p/py)"/2
term, particularly near the vertices. For a highly
magnetized, cold plasma, neglecting terms of order
(m,/m;) and following Allis et al.,®

N w?, v
K, ~1, K=~ “Zﬁ‘ 1-i=), (15)
where m, and m; are the electron and ion masses, re-
spectively, and w,, is the electron plasma frequency.

Simple algebra shows that on the surface z +(p - gg)
X (wpe/@)=0

d;/d =~ (1 = p/pe)(v/w) explin/2). (16)
The log(p/p,)"’? term is the sole term retained when

0/Po << V/4w OF 12 = PolWpe/ W) << 3/ W) (Powpe/w).
amn

Thus, there exists 6>0 such that in two limiting cases
~S expl = i{wt £7/2)] logl(1 « p/p)w/w)]

¢(r, t) ~ 8112601)0(&),3/60) (p/pu)llz K ’
for 0< 1z |< pylwpe/w) =5, k (18a)
o(x, )~ Sexp|—i{wt+n/2)] loglp/py)
’ Sﬂzéopo(wpe/w) (p/pﬁ)uz ’
for (1 —10/w)polwpe/w) < 121 < pylwye/w),
(18b)

where z~ (p = po){w,,/w). For all intents and purposes,
Eq. (18a) characterizes the singularity. The focusing
nature of the cones is readily seen in either case,

C. Warm plasma effects p

Inclusion of nonzero temperature gives rise to an in-
terference structure on the inside of the resonance cone
emanating from an oscillating point charge.? Hence,

- for a ring source an interference structure would be ex-

pected to appear outside the cone for z <z, and both in-
side and outside for z >z,., (Observation of the inter-
ference structure within the cone for the case z >z, has
been reported in Ref. 3,p. 111). To ascertain the
main features of this structure, we have evaluated Eq.
(5) numerically using the warm plasma dielectric func-
tions

2
Ky~1 =528 Z'( @

and K, ~1, (19
By v Ry ”th) * )

Z' is the derivative of the plasma dispersion function
and v}, =2kT,/m,, where k is Boltzmann’s constant and
T, is the electron temperature., Here, we have assumed
w?,>0?, i, where w,, is the electron cyclotron fre-
quency.

The integrand of Eq. (5) has a logarithmic singularity
at £,=0. For purposes of numerical evaluation, it is
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FIG. 2. Magnitude of the complex potential for a part of the inner cone, displaying the interference structure due to thermal effects.

The ring source is located as in Fig. 1; the dimensionless parameters are w/wpe: 0.02 and powpe/vth= 270. The resonance cone
focus oceurs at 2wp,/vey,=4. 93X 10% the vertex given by cold plasma theory is at 2 Woe/Vin= 4. 83 X10°,

convenient to treat the singularity separately. Let the the second integral which may be evaluated exactly in
integrand in Eq. (5) be defined as f{%,). Then, the po- terms of the sine integral Si(x). For an appropriate
tential may be written choice of p{i.e., 1]<1/[p(<.u§e/w2 - 12}, 1/z, w/vw},
ot . the second integrand is a slowly varying function of %,,
o(x, £) =ZS@ <f dk"{f(k[.) +cos(kyz) and the integral may be evaluated by Simpson’s rule,
T € 0 while the last integral may now be computed using the
1 o2 vz " fast Fourier transform algorithm,®
Xlog [— pde,,(—gi - 1) ]}—f dk, cos(k,z) ) ) ] )
2 W 0 Dimensionless variables appropriate for the evalua-

tion of Eq. (5) are: frequency, f= w/wpe; distance along

1 CUZ 1/2 w© )
X log [Epok:('jf‘ - 1) ]‘+ j dk,f (k")> 20) the p direction, & =(w,,/vy)p; radius of the ring source,
! ®Ry= (w,e/vm)po; and distance along the z direction, 3

for arbitrary n. The singularity now appears only in = (w, e/vm)z. The potential was evaluated for typical

~(ng)

7.5
zwpe / vy, (XI03)

FIG. 3. First-order density depression due to the pondermotive force for w/ wee=0.02. The location of the ring source and the
dimensionless parameters are as in Fig. 2; note change in orientation of axes. The peak density depression occurs at zwm/vth
=5.15x103,
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parameters f=0.056 and &, =270, which may corre-
spond, for example, to a laboratory plasma with »,
=100 em™, 7,=2 eV, py=4 em, and w /27 =50 MHz,

A plotof the magnitude of the complex potential clear-
ly shows the converging cone-like structure expected
from cold plasma theory (Fig. 2). The focus of the
cone (3=4.93 x 10°) is shifted slightly from the cold plasma
vertex(ac =4.83x10%. A simple interference structure is
found outside the cone, while a complicated patternappears
inside the cone for 3>3,, resembling a series of di-
verging cones with vertices along the z axis, The mag-
nitude of the potential is found to be approximately pro-
portional to £ ™% where £=[R®+(3,~ 3)*]"? represents
the distance along the surface of the cone for 3<3, pro-
vided we are not too close to the vertex (£2135).

The ponderomotive force causes density modifications
_which, in turn, change w, and hence the structure of the
cone. As afirst-order approximation for small density
perturbations we evaluate the ponderomotive force

which arises from the fields obtained from linear theory.

The ponderomotive force may be derived by time-
averaging the momentum transport fluid equations for
each species over a period 2r/w.'® Let the density of a
species be ng +n,, where n, is the perturbation caused
by the ponderomotive force, and assume », <<#;. The
averaged fluid equation for one species in the quasi-
static approximation is

v : 7
S8 (&, +v,x By == 2 Re{[( -E)* - V) B},
it
(21)

where p is the pressure, E, is an ambipolar electric
field, v, is a drift velocity, M is the mobility tensor,
and g+ E will be evaluated using results from linear the-
ory. Equation (21) represents a pressure balance, and
the right-hand side may be identified as the pondero-
motive force density. The particle density is assumed
to reach an equilibrium where an equation of state for a
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species may be approximated by Vp =ykT Vn,, where y
is the coefficient of adiabatic expansion. Neglecting
thermal corrections to the mobility, assuming T, << T,
and #; ~n,, summing the z component of Eq. (21) over
species and integrating, we find

2 2 2
A (ﬂ_)( IE,PIE,l ) (22)
<n0 YehTe oot e\ Mo/ \W" =5, W ’

where g, is the charge of species o and the fields are
those obtained from linear theory. Numerical evalua-
tion for an argon plasma with w/w,, =0, 02, using the
parameters given here, shows that the density depres-
sion is sharply peaked near the resonance cone focus
(Fig. 3). The thermal effects cause an interference
structure in density whose phase fronts lie roughly
parallel to the surface of the cone for 3<3, and parallel
to the z axis for 3>3,.
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